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Abstract. The aim of this paper is twofold: On one hand we discuss an 
[^~. , abstract approach to symmetrized Fredholm perturbation determinants and 

^\J ' an associated trace formula for a pair of operators of positive-type, extending 

a classical trace formula. 

On the other hand, we continue a recent systematic study of boundary 
t-H ■ data maps in 1141 . that is, 2 X 2 matrix- valued Dirichlet-to-Neumann and more 

^^ ■ generally, Robin-to-Robin maps, associated with one-dimensional Schrodinger 

operators on a compact interval [0, R] with separated boundary conditions at 
and R. One of the principal new results in this paper reduces an appropriately 
C^ i symmetrized (Fredholm) perturbation determinant to the 2x2 determinant 

of the underlying boundary data map. In addition, as a concrete application 
of the abstract approach in the first part of this paper, we establish the trace 
formula for resolvent differences of self-adjoint Schrodinger operators corre- 
sponding to different (separated) boundary conditions in terms of boundary 
^. ■ data maps. 

m 

o 

t — ■ 1. Introduction 

f->) ' In his joint 1983 paper [To] with Jean-Michel Combes and Ruedi Seiler, Pierre 

Duclos considered various one-dimensional Dirichlet and Neumann Schrodinger op- 
erators and associated Krein-type resolvent formulas to study the classical limit 
of discrete eigenvalues in a multiple-well potential. One of the principal aims of 

/^ ' the present paper is to consider related Krein-type resolvent formulas for general 

separated boundary conditions on a compact interval and establish connections 
with recently established boundary data maps in |14j , perturbation determinants, 
and trace formulas. In addition, we discuss an abstract approach to symmetrized 
(Fredholm) perturbation determinants and an associated trace formula for a pair 
of operators of positive-type, extending a classical trace formula for perturbation 
determinants described by Gohberg and Krein J33J Sect. IV. 3]. 
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In Scction[2]we depart from our consideration of Schrodinger operators on a com- 
pact interval and turn our attention to an abstract result on symmetrized (Fred- 
holm) determinants of the form 



det 



n((A - zI n y/ 2 (Ao - zI H )-\A - zl n y/ 2 ) (1.1) 



associated with a pair of operators (A,Aq) of positive-type (and z in appropriate 
sectors of the complex plane). In particular, this permits a discussion of sectorial 
(and hence non-self-adjoint) operators. It also naturally permits a study of self- 
adjoint operators (A,Aq), where A is a small form perturbation of Aq, extending 
the traditional case in which A is a small (Kato-Rellich-type) operator perturbation 
of Aq. Our principal result in Section [2] then concerns a proof of the trace formula 

_ jL)n(det n (jA - zI n y/2(A - zI u )-\A - zlu) 1 / 2 )) 
= tY H {{A - zln)- 1 - (A Q - zln)- 1 ), 

an extension of the well-known operator perturbation case in which the symmetrized 
expression 



(A - zI H y/ 2 {A - zI u )-\A ~ zl u fl 2 (1.3) 

is replaced by the traditional expression 

{A-zI n ){Ao-zI n )- 1 (1.4) 

on the left-hand side of (T2J) (cf. Gohberg and Krein ;33, Sect. IV.3]). The gen- 
eralized trace formula (jl.2p appears to be without precedent under our general 
hypothesis that A and Aq are operators of positive-type and hence seems to be of 
independent interest. 

Returning to the second principal aim of this paper, the discussion of boundary 
data maps for Schrodinger operators on a compact interval with separated boundary 
conditions, let R > 0, introduce the strip S^w = {z G C | < Re(z) < 2tt}, and 
consider the boundary trace map 



'cHM) 



i0q,$h 



Or G S 2vi (1.5) 



70, OR 



cos(6» )m(0) + sin(6>oK(0) 
Cos(0r)u(R) - sm(9 R )u'{R) 

where "prime" denotes d/dx. In addition, assuming that 

V eL\(0,R);dx) (1.6) 

(V is not assumed to be real- valued in Sections Q] and [3]) , one can introduce the 
family of one-dimensional Schrodinger operators Hg 0i g R in L 2 ((0,R); dx) by 

^6 ,$ R f = —f + Vf, 0q, Or e S^tt, 

/ G dom(He ,e R ) - {g £ L 2 ((0, R);dx)\g,g' e AC([0,R]); je ,e R (9) = 0; (1-7) 

(-g" + Vg)GL 2 ((0,R);dx)}, 

where AC([0, R]) denotes the set of absolutely continuous functions on [0, R]. 

Assuming that z G C\a(Hg 0t g R ) (with <j(T) denoting the spectrum of T) and 
0q,0r G S2-k, we recall that the boundary value problem given by 

-u" + Vu = zu, u,u' G AC([0,R]), (1.8) 
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7e ,e R (u) 



CO 



(1.9) 



has a unique solution denoted by u(z, •) = u(z, ■ ; (6q, Co), (9 R , c r )) for each Co, c R E 
C. To each boundary value problem (jl.81) . (jl.9|l . wc now associate a family of 

general boundary data maps, A g °' g R (z) : C 2 —5- C 2 , for 9q,9 r ,9' q ,9 r E SW, where 






*(*) 



(1.10) 



A eo!^( z )(7e ,ei,(u(2r ! (00, c ), (9 R ,c R )))) 

= l0' o ,e' R (u{z, ■ ; (6»o, co), (0 fi , cfl))). 

With u(z, •) = u(z, ■ ;{0o,cq),(9 r ,c r )), A e 0, e R (z) can be represented as a 2 x 2 
complex matrix, where 

cos(9 )u(z,0) + s'm(9 Q )u'(z,0) 
cos(9 R )u(z, R) — sm(9 R )u'(z, R) 

cos{9' )u(z,0) + sm(6' )u'(z,0) ' 
cos(9' R )u{z,R)-sm(9 R )u'{z,R) 



AftftW 



- A °'' 



(1.11) 



The map A e °' e R (z), z E C\cr(Hg j R ), was the principal object studied in the 
recent paper [TI] , 

In Section [3] we recall the principal results of [2] most relevant to the present 

Ql g 1 

investigation. More precisely, we review the basic properties of A e °' e R (z), and de- 

gt g' 

tail the explicit representation of the boundary data maps A e °' e R (z) in terms of 
the resolvent of the underlying Schrodinger operator Hg 0: g R . We discuss the associ- 
ated boundary trace maps, associated linear fractional transformations relating the 
boundary data maps A g °' g R (z) and A s °' s R (z) and mention the fact that A e °' e R (-) 
is a matrix- valued Herglotz function (i.e., analytic on C+, the open complex upper 
half-plane, with a nonnegative imaginary part) in the special case where Hg 0t g R 
is self-adjoint. We conclude our review of [T3] with Krein-type resolvent formulas 
explicitcly relating the resolvents of Hg ^g R and Hg< gi . 

In Section [H we focus on the second group of new results in this paper and 

gt g' 

relate A g ° : g R (z) with the trace formula for the difference of resolvents of Hg ^g R and 
Hg/ gi and the underlying perturbation determinants. In this context we will be 
assuming self-adjointness of Hg 0t g R and Hg> gi . More precisely, we will prove the 
following facts: 



det 



LH(o,R);dx)((H8> ,6> R - zI)V 2 (He ,g R - zI)-i(H 6 , o , e , R - zl)^) 



det 



c 2 



sin(6> ) sm(9 R ) 
S m(9' )sm(9' R ) 
9 0: 9 R E [0,2vr), 6' ,6' R E (0,27r)\{7r}, z E p(H to , $B ), 



\ A 8 ,e R V 



(1.12) 



and 



tl L^((0,R);dx)((Hg' o ^' R - zl) - [Hg 0: g R - zl) ) 

= -^m(det C2 (A£g(*))), zep(Hg ,g R )n P (Hg, iv g,J. 

For classical as well as recent fundamental literature on Weyl-Titchmarsh op- 
erators (i.e., spectral parameter dependent Dirichlet-to-Neumann maps, or more 
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generally, Robin-to- Robin maps, resp., Poincarc-Stcklov operators), relevant in the 
context of boundary value spaces (boundary triples, etc.), we refer, for instance, 
to [3]- [IS], [H]-[25], [M], [3J2 Ch. 13], [52]-[5I], [53], [55], and especially, to the 
extensive bibliography in [14] . 

Finally, we briefly summarize some of the notation used in this paper: Let T-L 
be a separable complex Hilbert space, (-,-)w the scalar product in Ti (linear in 
the second argument), and I-u the identity operator in Ti. Next, let T be a linear 
operator mapping (a subspace of) a Banach space into another, with dom(T) and 
ker(T) denoting the domain and kernel (i.e., null space) of T. The closure of a 
closable operator S is denoted by S. The spectrum essential spectrum, discrete 
spectrum, and resolvent set of a closed linear operator in Ti will be denoted by 
cr(-). cr css (-), CTd(O) arL d p(-), respectively. The Banach space of bounded linear 
operators on Ti is denoted by B(Ti), the analogous notation B(Xi,X 2 ), will be used 
for bounded operators between two Banach spaces X\ and X 2 . The Banach space 
of compact operators defined on Ti is denoted by B^Ti) and the P-hased trace 
ideals are denoted by B P (TL), p > 1. The Fredholm determinant for trace class 
perturbations of the identity in Ti is denoted by det-^(-), the trace for trace class 
operators in Ti will be denoted by tr-^(-). 

2. Symmetrized Perturbation Determinants and Trace Formulas: 

An Abstract Approach 

In this section we present our first group of new results, the connection between 
appropriate perturbation determinants and trace formulas in an abstract setting. 
Throughout this section, Ti denotes a complex, separable Hilbert space with inner 
product (•, •)%, and I-u represents the identity operator in Ti. For basic facts on 
trace ideals and infinite determinants we refer, for instance, to |31]-[33j. [68] . and 

We start with the following classical result: 

Theorem 2.1 ([33], p. 163). Let T(-) be analytic in the B\{Ti)-norm on some open 
set fiCC. Then det-u(I-u + T(-)) is analytic in fi and 

±\n{det H (Iu+T{z))) = tv n ((I n + T{z))- l T\z)), 

ze{Cen\{I H+ T{0)- l eB{Ti)}. 

Next, we recall a classical special case in connection with standard perturbation 
determinants (cf. [33 Ch. IV]): 

Theorem 2.2 ([33], Sect. IV. 3, [47J. Assume that A and Aq are densely defined, 
closed, linear operators in Ti satisfying 

dom(^o) Q dom(A), (2.2) 

(A-zI^iA-zInr'-iAo-zIn)- 1 ] e B X {U) for some 

{and hence for all) z s p(A) n p(Ao)j. (2.3) 

Then 

- -^-\n(det n ((A - zI n )(A - zlu)- 1 )) = tr w ((A - zly)- 1 - (A Q - zl^ 1 ), 

zep(A)n P (A Q ). (2.4) 
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Proof. For completeness, and since we intend to extend this type of result to certain 
quadratic form perturbations, we briefly sketch the proof of (|2.4j) . Pick z G p(A) D 
p(Aq). Since assumption (12.31) is equivalent to 

-{A-zI^A-zIn^-iA^zIn)- 1 ] = (A- A Q )(A - zln)' 1 G B^H), (2.5) 

the identity 

(A - zI n )(A - zlu)- 1 =I n + (A- A Q )(A Q - zl u y x (2.6) 

shows that det^((A— zI-h)(Aq — zln)- 1 ) is well-defined and analytic for z G p(A ). 
Incidentally, (|2.5p also yields that if (|2.3p is satisfied for some z G p(A) D p(Aq), 
then it is satisfied for all z G p(A) O p(Aq). An application of (|2.1j) and cyclicity of 
the trace (i.e., tr«(ST) = ti H (TS) whenever S,T G S(H) with ST,TS G Si(H)) 
imply 

- -^ln(det w ((A - z/«)(A - zl u )- 1 )) 

= -tr H ({(A - zI n )(Ao - zlu)- 1 }' 1 [{A - A ){A - zln)- 1 ]') 

= -tr n ({(A - zI H )(Ao - zln)- 1 }' 1 (A ~ A a )(A - zI H )- 2 ) 

= -tr n ((A - zlnT 1 {{A - zI n )(A - z/ H )~TV - A )(A - zln)- 1 ) 

= trn((A - zInT X {{A - zI n )(A - zln)- 1 }' 1 

x(A- zln) [(A - zlnT 1 - (A - zln)- 1 ] ) 
= trn((A - zI H )- x {{A - zI n ){A n - zln)- 1 }' 1 {{A - zI H )(A - zln)- 1 } 

x (A Q - zln) [(A - zln)- 1 - (A - zln)- 1 ]) 

= trn((A - zln)' 1 - (4> - zln)- 1 ). (2.7) 

□ 



For an extension of Theorem 12.21 applicable, in particular, to suitable quadratic 
form perturbations, we briefly recall a few basic facts on operators of positive- 
type and their fractional powers. While this theory has been fully developed in 
connection with complex Banach spaces, we continue to restrict ourselves here to 
the case of complex, separable Hilbert spaces. For details on this theory we refer, 
for instance, to .36, Chs. 2, 3, 7], [42, Ch. 4], [53J Ch. 4], [551 Chs. 1, 3-5], and [H 
Chs. 2, 16]. 

Definition 2.3. Let A be a densely defined, closed, linear operator in 7i and denote 
by S u C C, uj G [0, 7r), the open sector 

j{zeC\z^0, |arg(z)| < w}, w G (0,tt), . . 

[(0,00), w = 0, 

with vertex at z = along the positive real axis and opening angle 2w. 
(i) A is said to be of nonnegative-type if 

(a) (-oo,0) Cp(A), 



{fi) M(A)^snp\\t(A + tIn)- 1 \\ B(m < oo. 



(2.9) 
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(ii) A is said to be of positive-type if 
(a) (-oo,0] Cp(A), 

(/3) MA^snpUl+t^A + tln)- 1 ^,^ < oo. ( 2 - 10 ) 

f>0 na(n) 

(Hi) A is called sectorial of angle lj G [0,7r), denoted by A G Sect(o;), if 

(a) a(A) C 3£, 

(/3) Forallu/e (w,tt), M(4,w')= sup ||z(,4 - zi^)- 1 )! < oo. C 2 - 11 ) 

zGC\5^7 

(zv) A is called quasi- sectorial of angle u G [0, 7r) «/ iftere exists to G R sitc/i i/iai 
A + io-7% is sectorial of angle w G [0,7r). In i/zzs context we introduce the shifted 
sector —ta + S u , where 

_ to+s ^ = ({z£C\z^-to,\Mg(-t + z)\<u}, WG(0,7T), 
\(-*o,oo), w = 0. 

Next, we recall a number of useful facts: 

(I) If A is of nonnegative-type, then (cf., e.g., [36l Proposition 2.1.1 a)]) 

M{A) > 1 and A G Sect(7r - arcsin(l/M(A))). (2.13) 

Moreover, if A is of nonnegative-type (resp., of positive-type) then 

A + tlu is of nonnegative-type (resp., of positive-type) for all t > 0. (2.14) 

If A is of positive-type, then (cf., e.g., [53l Lemma 4.2]) 

{z G C | Re(z) < 0, |Im(z)| < (|Rc(z)| + 1)/M A } U {z G C | |*| < 1/Ma} C p(A), 

(2.15) 
and for every wo G (0, arctan(l/M J 4)), r$ G (0, 1/Ma), there exists Mo(A,uJo,ro) > 
such that 

\U-zI u ) \\ Bm < i + N , (2ig) 

z G {C G C | Re(C) < 0, |Im(C)|/|Re(C)| < tan(w )} U {C G C | |C| < r }. 

(II) If A G Sect(w) for some w G [0,tt) and ker(A) = {0}, then (cf., e.g., [36l 
Proposition 2.1.1b)]) 

A- 1 e Sect(w) and M(A _1 ,u/) < M(A,w') + 1, w' G (w,tt). (2.17) 

(III) If v4 G Sect(w) for some w G [0, 7r), then (cf., e.g., [36l Proposition 2.1.1 j)]) 

A* G Sect(w) and M(A*,w') = M(A,«'), w' G (w,tt). (2.18) 

(IV) Suppose A is of positive- type then (cf., e.g., [42j p. 280]) 

A _ a= sm(7ra) f dtt - a r A + tI yi £ B(H), < Re(a) < 1. (2.19) 

I" JO 

(In this context of bounded operators A~ a , < a < 1, and integrands bounded 
in norm by a Lebesgue integrable function, the integral in (|2.19[) and in analogous 
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situations in this section, is viewed as a norm convergent Bochner integral.) More- 
over, A~ a has an analytic continuation to the strip < Re(a) < n + 1, n € N, 
given by 

A- = Sin(TO) n ](9 n \ , T r dte-°(A + tin)—' e B(H), 

n (l-a)(2-a)---(n-a) J 

< Re(a) < n + 1. (2.20) 
In particular, 

A-"= s ™(™\ r ' dtt l - a {A + tI H )- 2 eB(H), 0<Re(a)<2. (2.21) 

n 1 -a) Jo 

We also note that if A G Sect(w) and a E (0, 1), then (cf., e.g., [3H1 Remark 3.1.16]) 
A a G Sect(ow), M(A a ) < M(A), and 

/ ,r, r x i sin(7ra) f 00 , t a , , , . -, 

(A a - zlnY = — -/ dt- ; — - ; — -(A + tlu)' 1 , 

K ' f Jo (z-t a e na )(z-t a e- t7Ta ) x ' (2.22) 

arg(z) > an. 

(V) Suppose A is of positive- type and < Re(a) < n for some nfN, then (cf, 
e.g., [53j Definition 4.5]) 

A a f = A n A a - n f, f Edom(A a ) = {g£H\A a - n g£dom(A n )}. (2.23) 

Moreover, 

dom{A a ) = ran(A _a ) and A a = (A' 01 )- 1 , Re (a) > 0. (2.24) 

In particular, since A~ a G B(H), 

A a is closed in U for all Re(a) > 0. (2.25) 

(VI) Suppose A is of positive-type and Re(«i) > 0, Re(«2) > 0, then (cf, e.g., (53J 
Proposition 4.4 (iv)]) 

A- ai 4-° 2 = A- ai - a \ (2.26) 

(VII) Suppose A and B are of positive-type and resolvent commuting, that is, 

[A + sI n )- x (B + tin)- 1 = (B + tI n )- x {A + sin)" 1 
for some (and hence for all) s > 0, t > 0. 
Then (cf, e.g., pi p. 95]) 
(AB) a f = A a B a f = B a A a f = {BA) a f, 

f G dom((AB) Q ) = {g E dom{B a ) | B a g G dom{A a )} (2.28) 

= {gE dom(A a ) \ A a g G dom(B a )} = dom((BA) a ), a G C, Re(a) / 0. 

(VIII) In the special case where A is self-adjoint and strictly positive in H (i.e., 
A > elu for some e > 0), A a , a G C\{0}, defined on one hand as in the case of 
operators of positive- type above, and on the other by the spectral theorem, coincide 
(cf, e.g., [H Sect. 4.3.1], [7Ql Sect. 1.18.10]). In particular, 

dom(A a ) = if G U | |K/|& = / X 2Kc ^d\\E A (X)f\\ n < ool, a G C\{0}, 

I J[e,oo] J 

(2.29) 
in this case. Here {^a(A)}agk denotes the family of spectral projections of A. 
(It is possible to extend some of these formulas to Re(a) = 0, but we omit the 
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details since this will play no role in this manuscript.) 

For the remainder of this section the basic assumptions on A and Ao, extending 
(12. 2|) and (12. 3p . then read as follows: 



Hypothesis 2.4. Let A and Aq be densely defined, closed, linear operators in 1-L. 
(i) Suppose there exists to G M such that A + toI-u and Ao + tol-u are of positive-type 
and (A + tol-u) S Sect(cjo), (A) + to In) G Sect(u;o) for some ujq G [0,7r). 
(ii) In addition, assume that for some t\ > to, 

dom((A +ii/«) 1/2 ) Cdom((A + tiI n ) 1/2 ), (2.30) 

dom((A*+t 1 / w ) 1 /2) Cdom^'+tA) 1 / 2 ), (2.31) 

04 + til*) 1/2 [(A + hlu)-^ - (A + hlu)^] (A + t x I u fl 2 e B^W). (2.32) 

One observes by item (/), there always exists w G [0,7r) as in Hypothesis 12. 4l (i) 
as long as A + to-Z-H and A + toln are of nonnegative-type. 

Our next results will show that if (I2.30|) - (|2.32p hold for some t\ > to, then they 
actually extend to —t\ = z G C\(— 1 + S Uo ): 

Lemma 2.5. Assume that A satisfy Hvpothesis\2A\(i). Then (A+tI-u)~ 1/2 G B(H) 
(resp., (A*+tI H )- 1 / 2 G B(H)), t > t Q , analytically extends to (A-zIn)- 1 / 2 G B(H) 
(resp., (A* - zIuY 1 ' 2 G B(H)) for z G C\(-t + S u „). In addition, 

dom((A-zI n ) 1 / 2 )=dom((A + t I n ) 1 / 2 ), z e C\(-t + S Uo ) , (2.33) 

dom((A* - zI-h) 1 ' 2 ) = dom((A*+t Q Iu) 1/2 ), z e C\(-t + S„ ). (2.34) 

Proof. Applying (|2.19|) with a = 1/2 and A replaced by (A + sly), s > to, one 
obtains 

1 f°° 

(A + sI H )- l l 2 = - dtt- l ' 2 {A + {s + t)I H )- 1 , s>t Q . (2.35) 

n Jo 

The resolvent estimates in (|2.10p and (|2.11[) then prove that (A + sl-u)^ 1 / 2 , s > to, 
analytically extends to (A — zlu)^ 1 ^ 2 G B(H), z G C\(— to + S Uo ), with the result 

i r°° 

{A-zI n )- 1 ' 2 = - d U- l ' 2 {A + {-z + t)I n )-\ zG C\(-t +S U0 ). (2.36) 



o 



In the following we choose z, z\ G C\ (—to + Sui ) such that \z\ — z\ < \\(A — 
z iln)~ l \\R(n\ ana - cons ider the resolvent identity 

(A - zI H ) = {A- zxl-n) [In + (zi -z)(A- ziH)' 1 ] ■ (2-37) 

It follows from (A + t In) 6 Sect(w ) and ([2T0]) . (j2~TTj) that 



A — z/-^, z G C\(— to + 5 Wo ), is of positive-type. (2.38) 



To prove the claim (|2.38j) we first note that z G C\(— to + Suj ) implies that 
(—oo,0] C p(A — zI-h). Next, one chooses lu q G (w,7f) such that actually, z G 
C\{-t + S^). Then 

t-z)/ w )- 1 || e(w) 

(2.39) 



sup (1 + t) (A+ (t-z)I n ) '„,„, 
t>o v ' 



sup Kl+^/ClUC^ + Cto-z)^)- 1 !! <C(z)<co 

C=z+t„-t,t>o ° {n > 
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since sup t>0 |(1 + t)/(z + to — 1)\ < oo, the estimate (|2.10|) (8) becomes a special 
case of (jOTj) (8). 

In addition, (zi — z)(A — zii%) _1 „,_. < 1 implies that B = Iy, + (z\ — z)(A — 

Z \^'K)~ 1 is of positive- type as well since 



{l + t){B + tI H )- l \\ = (l + ^^l + t^u + iz^z^A-zJu)- 1 } l 



In + Y TT (A-z 1 InY 



B(H) 



B(H) 



l-\\{z 1 -z){A~z 1 I H )- l \\ B(H) ~\ <oo, t>0. (2.40) 



< 
Thus (VII) applied to the resolvent identity (|2.37p yields 

(A - zlu)- 1 ' 2 = (A- Zl Iu)- l/2 [In + (zi - z)(A - zJu)- 1 } ~ 1/2 

\B(H) 



!,ZieC\(-t + S Uo ), \z-zi\< \\{A- Zl i n )- 11 ! 



(2.41) 



1/2 



Bounded invertibility of [/« + (— z+zi)(A—ziIu)~ l \ forz,zi e C\(— 1 + S Uo ), 

\z — Zi\ < \\(A — ziln) -1 ]]^/-^) then implies that ran((A — zlu)- 1 ' 2 ) is locally 
constant in z G C\(— to + S'wo), 

ran((A - zlu)' 1 ' 2 ) = ran((A - z 1 I H y 1 / 2 ), 

! (2.42) 

z,zi e C\(-t + S , ClJo ), |z-zi| < \\(A- zJu) || S(K) , 

and hence that 

ran((A-z/ w )- 1 / 2 )=ran((A-z 1 / H )- 1 / 2 ), z,2i£C\(-t„ + S Uo ). (2.43) 

An application of (I2.24p then gives (|2.33[) . Equation (|2.34[) is proved analogously 
with the help of (777). □ 

Lemma 2.6. Assume that A and Aq satisfy Hypothesis I2.4l (z) and suppose that 
(|2~30)) and (J2~3T]) hold for some h>t . Then p3U|) and (jlOTj) extend to 

dom((A - zlu) 1 ' 2 ) C dom((A - z/^) 1 / 2 ), z e C\(-f + &*,), (2.44) 

dom((AS - zlu) 1 ' 2 ) C dom((A* - zlu) 1 ' 2 ), z G C\(-i + 5^). (2.45) 

Moreover, 

(^ - z/w) 1 / 2 ^ - ^«)- 1/2 £ B(«) and (A* - zI n ) 1/2 (A* - zlu)- 1 ' 2 e B(«), 
are analytic for z G C\(— to + S Uo ) with respect to the B(H)-norm. (2.46) 

Proof. By items (I) and (III) it again suffices to just focus on the proof of (|2.44l) . 

Since by (j2~33)) and (pQ4|) the domains of (A - zlu) 1 ' 2 and [A* - zlu) 1 ' 2 are z- 
independent for z £ C\(-t + S Uo ) , (J230T) and (l2"3Tj) extend to z e C\(-£ + S^) . 

To prove the analyticity statement involving A and Aq in p. 461) we write 

(A - zI n ) 1/2 (A - zl n )- 1/2 = [(A - zI n ) 1/2 (A - z a I n )- 1/2 } 

x [(A - z Iu) 1/2 (A - zoln)- 1 ' 2 ] [(A ~ z Iu) 1/2 (A - zlu)- 1 ' 2 ] , (2.47) 

z,z e C\(-i + 5' wo ), 
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and separately investigate each of the three factors in (|2.47p . Since by hypothesis 
(HHH) holds for A and A , ([2744]) yields that 

(A - z Iu) 1/2 (A - z I n )- 1/2 e B(H). (2.48) 

Next, applying (12.41)) with A replaced by Aq yields 

(A -z I n )^ 2 (A Q ^zI H r^ 2 

= [(A Q - zoIn^iAo - z.Iu)- 1 / 2 ] [I H + {z x - z)(A - Zl I H )- l ]- l '\ (2-49) 

z,z ,zi e C\(-t + S Uo ) , \z-zi\ < \\(A - -zi/-m) _1 || e(w) . 

Since by ((2740)) (with A replaced by Aq) B = I n + {z\ - z)(Aq - zi/«) _1 is of 
positive-type, it follows from (|2.19|) (with a = 1/2 and A replaced by B) and a 
geometric series expansion that 

B- 1/2 = [In + {zx - z)(A - zJn)- 1 ] ~ 1/2 

= _ / dtt- 1 /2[ (1+f)/H + ( Zl _ z)(Ao _ Zl/w) -l]- 1 

n Jo 

1 f°° dtt- 1 ' 2 



Yti-lTlzi-zT^Ao-ziIn)-™- 

_n * Jo 



(1+*) 



m+1 



- 1 n^Z) ( - ir(Zl ~ > r{A ° ~ af " r " (2 - 50) 

1/9 

Thus \lfi + (zi — z)(Aq — zil-u)^ 1 ] is analytic with respect to z for z, Z\ £ 

C\(-t + SU,), \z - zi\ < ||(A) - ZiJ-h)- 1 !!^. Moreover, by (1235)) (with A 
replaced by Aq), (Aq — zqI-h) 1 (A-o ~ zilu)^ 1 ^ 2 G B(H), and hence one concludes 
that the left-hand side of ()2.49|) is analytic with respect to 2 € C\(— to + Su )- 
Finally, writing 

(A - zI n ) 1/2 (A - z a l n )- 1/2 = (A - zI H )(A - zI n )- 1/2 (A - z Q I n )- 1/2 

= A(A - zI n )- x l\A - zqIu)- 1 ' 2 - z(A - zI H )-^ 2 (A - z I n )-^ 2 (2.51) 

it suffices to focus on the term A(A — zI-u)^ 1 ^ 2 (A — zqI-u)^ 1 ^ 2 . Writing 

A(A-zI H )-^ 2 (A-z,I H )- 1 / 2 

2.52 
= [A(A - zoln)- 1 ] [(A - z Q I u ) l ' 2 {A - zlu)- 1 ' 2 ] , 

employing the obvious fact that A(A — zqI-u)~ 1 e B(T-L), the analyticity of (A — 
zqIh) 1/2 {A - zIuY 1 ! 2 (and hence that of the left-hand sides in (|275"Tj) and ([275*2]) ) 
with respect to z S C\(— to + Su ) then follows as in ()2.49)) above with Aq replaced 
by A D 

Lemma 2.7. Assume that A and A satisfy Hypothesis 12.41 Then (|2.32[) extends 
to 

(A - zI H )V* [(A - zI H )-i - (A - z/„)-i] (A - zI H yl* e Bi(«), 

z e C\(-t + S^ ) . 

In addition, (A - zIu) 1/2 [{A - zlu)- 1 - (A) - zIuY x ]{A - zl n ) l/2 is analytic 
for z G C\(— to + S Uo ) with respect to the Bi(H)-norm. 
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(2.54) 



Proof. Let z £ C\ (—to + Sw ) and t\ > to as in (|2.32[) . Using the fact 
(A - zlu)- 1 - (A Q - zlnY 1 = (A + hI n )(A - zI n Y x 

x [(A + tJu)- 1 - (A + tilnT 1 ] (Ao + hI H )(A - zI H )'\ 
one obtains 
(A - zI n )V*[(A - zlnY 1 - (Ao - zlu)- 1 } (A - zI H )V* 
= [{A - zI n ) 1/2 (A + hIuY 1/2 ] [(A + hI n )(A - zlnY 1 ] 
x cl{ (A + hlu) 1/2 [(A + tJnY 1 - (Ao + tJuY 1 ] (A + hlu) 1 ' 2 
x (A + tiI n Y 1/2 (A + hIn)(A - zI H Y l (A - zl n ) 1/2 } 
= [(A - zI H ) l ' 2 {A + tJuY 1 ' 2 ] [(A + hI H )(A - zlnY 1 ] 
x(A + UnW 2 [(A + hluY 1 - (Ao + tJuY 1 ] (A + hly) 1 ' 2 
y.{{A-zIn) 1/2 (A + t l I H Y 1 ' 2 (2-55) 

+ (z + t)(A + hI H Y 1/2 (A - zlnY 1 ' 2 [(A* - HI H ) 1/2 (AI - JluY 1/2 ] *}, 
where we employed the identity 

(A + hI H ){Ao - zlnY 1 =I H + (z + h)(Ao - zlnY 1 (2-56) 

and used the symbol cl{. . . } to denote the operator closure (in addition to our usual 
bar symbol) as the latter extends over two lines. By Lemmas 12. 61 and 1 2.71 all square 
brackets [• • •] in (|2.55[) lie in B(TL). Thus, the trace class property in assumption 
(12321) proves that in (j2~53| . 

Finally, the analyticity statements in ()2.46|) (see also the one in (|2.51| ) employed 
in (|2.55p prove the i3i(7^)-analyticity of the operator in (|2.53p . □ 



Theorem 2.8. Assume that A and Ao satisfy Hypothesis 12.41 Then 

- £ln(det H ((I - zI n )V*(A - zlnY^A - zI n )V*) } ^.^ 

= tr„((A - zlnY 1 - (Ao - zlnY 1 ), 



for all z £ C\(-t + S Ua ) such that (A - zI n ) l / 2 (A Q - zI H )- l {A - zlu) 1 / 2 is 
boundedly invertible. 

Proof. Let z £ C\(-t + S uo ) . We note that by (pT46|) one has 

(A - zlu) 1 ' 2 [(A - zlnY 1 - (Ao - zlnY 1 ] (A - zl n yl 2 

= In- (A - zIn) 1 / 2 (Ao - zI H )~^A - zI H fl 2 (2.58) 

= In- [(A zIn) 1/2 (A - zI n Y 1/2 ] [(A* ^n) 1/2 (A* Q 'zlnY 1 ' 2 ] * 



and hence detn((A - zIn) 1/2 (A - zI H Y 1 (A - zl u ) 1 / 2 ) is well-defined. 
Next, we consider 

T 1 (z) = (A-zI n ) 1 / 2 (A -zI n Y 1/2 , zeC\(-t + S Uo ), (2.59) 



and compute for e G C\{0}, |e| sufficiently small such that z, z+e £ C\(— to + S Uo ), 

[T 1 (z + s)-T 1 (z)} 

= (A-(z + e)I n )(A -(z + e)I H Y 1/2 (Ao - (z + e)IuY 1J2 
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- (A - zI n )(A - zI H )- 1/2 (A - zl n )- 1/2 
= (A-(z + e)I n ){A -(z + s)I n )- 1/2 (A - (z + e)I h )- 1 ' 

-{A- zI n ){A -(z + e)In)- 1/2 (A - (z + e)Iu)- 1/2 

+ (A- zI u )(A -(z + e)I u )- l/2 {A - (z + e)I n )- 1/2 

-(A- zI H )(A - zI H )-^ 2 (A - zlu)- 1 ' 2 
= -e(A - (z + e)Iu)- 1/2 (A Q - (z + e)I n )- 1/2 

+ (A- zI u ){A -(z + e)I u )- l/2 {A Q -{z + e)I n )- 1/2 

-(A- zI n )(A - zI n )- 1/2 (A -(z + e)l n )- 1/2 

+ (A- zI u ){A - zI n )- 1/2 (A -(z + e)I n )- 1/2 

-(A- zI n )(A - zIu)- 1/2 (A - zl n )- 1/2 
= -e(A -(z + e)I n )- 1/2 (A - (z + e)I n )- 1/2 

+ (A- zl u ) [(A -(z + e)I H )- 1/2 -{A- zl n )- 1/2 ] 
x (A, - (z + e)Iu)- 112 

+ (A- zI u )(A - zl u )- 1 ' 2 [(A -(z + e)I n )- 1/2 - (A - zl u )- 1 ' 2 
Using 

[(A-(z + e)Iu)- 1/2 -(A-zI n )-^ 2 } 

dtt-^^A + it-z-e^ur'-iA + it-z^u)- 1 } 

dtr x l 2 (A + (t-z- e)I-n)- l {A + (t- z)I H )~ l (2.61) 

Jo 

in ([2"HDj) yields 

-\Tx{z + e) - Tr{z)\ = -{A - (z + e)I n )- 1/2 {A Q - (z + e)I n )- 1/2 



(2.60) 



(A - zI H ) 



1 



dt t-^ 2 (A + (t-z- e)I H )-\A +(t- z)I n y X 



x (A - (z + e)I h )- 1/2 
+ {A-zI H ){A-zI H )- 1 / 2 

n Jo 



dtt-^ 2 {A + (t-z- e)I H )- 1 (A + (t- z)^)- 1 



e-s-0 



-(A- zluY 1 ' 2 \Ao- zlu)- 1 



-1/2 



(A - zlu) 



dtt- 1/2 (A+(t-z)IuY 



(A - zlu)' 112 



+ (A-zIu)(A-zIu)- 1/2 
= -(A-zIu)- 1/2 (A -zI n )- 1 



n JO 

-1/2 



dtt-^ 2 (A + (t-z)IuY 



\{A - zI H )(A - z!u)- 3/2 (A - zIuT 112 
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+ l -{A-zI H fl\A^zI H )-^ 

-^(A-zI H )-^ 2 (A Q -zl 

+ 1 -(A-zI H y/ 2 (A -zI H )-^, 



-1/2 



(2.62) 

where the limit e — >• is valid in the S(H)-norm. Here we used (cf. (|2.21[) applied 
to a — 3/2 and A replaced by (A — zl<n)) 

-/ dtt- l / 2 (A+(t-z)I n )- 2 = -(A-zI n r 3/2 , zGC\{-t + S U0 ). (2.63) 
n Jo * 

Thus, 

T{(z) = -\{A zI n y^(A - zl n )- 1/2 + \{A- zI n ) 1/2 (A zl n )^l\ 



Similarly, introducing 

T 2 (z) = [(A* -zI H ) 1/2 {Al-zI H )- 1/2 }\ 
one obtains 

n(z) = -\[{A* zIu)- l/2 {A» zln)- 1 ' 2 ] 

+ 1 -[(A* --A H fl\Al-zI H )-^X 

Consequently, one computes 
d 



z G 



zeC\(-*o+SU,). (2.64) 
C\(-t + S Uo ), (2.65) 

(2.66) 
zeC\(-t + S Uo ). 



dz 



(A - zi H y/2(A - zi H y\A - zi H yn 

--[T^Uz)}' = Ti(z)T 2 (z) + T 1 (z)n(z) 

- 1 -{A - zI n )- 1/2 (A - zln)~ 1/2 + \{A zI H fl\A, zI H )-^ 
x[(A* --zIu) 1/2 (Al--zIu)- 1/2 X 
+ [(A zI n ) 1/2 (A - zln)- 1 ' 2 ] [ - \ [(A* zIu)- 1/2 {Al zl n )-^} ' 

+ 1 -[(A* --zI H ) 1/2 {Al--zIu)-^ 



= --(A - zI n )-V 2 (A - zI H )~i{A - zI H )V* 



1- 



- -(A - zI n y/i(A - zI u )-\A - zln)' 1 / 2 



+ {A-zI H ) 1 l 2 (A -zI H )-HA-zI H y/\ zG C\(-t + S Uo ). (2.67) 

Due to the i3i(%)-analyticity of the left-hand side of (|2.58|) according to Lemma 
2.71 one can apply (|2.1[) . and using the result (|2.6T[) one finally obtains 

d 



dz 



n(det„((A - zI n y/2(A Q - zI n )-i(A - zln) 1 / 2 )) 
-tr„({(A - zlnV^Ao ~ zI n )-\A - z/w)^}" 1 



14 F. GESZTESY AND M. ZINCHENKO 

x [(A - zI n y/i(A Q - zI n )-\A - zi u y' 2 \ 
x {(A - zI n )-^(A - zlnY^A - zln) 1 ' 2 



- 2(A - zI n y/ 2 (A - zI n )- 2 (A - zln) 1 ' 2 

+ (A- zI n y/2(A - zI u )-\A - zlnY 1 ' 2 } 

= \t? H ({{A- zi H yi\A a - zi h )-\a- zi H yny l 

x (A - zI H ) 1/2 [{A - zlnT 1 - (A Q - zln)- 1 ] 
x{A -zI H )- l {A-zI n yn) 

+ \t? H ({{A- zi n y/i(A - zi u )-\A- ziuy/zy 1 

x{A-zI H ) 1 ' 2 (Ao-zI H )- 1 

x [(A - zln)' 1 - (Ao - zlnY 1 ] (A - zhtfT*) 

= \tTu({{A- zi u y/*{Av - zi n )-^{A- zi H yi 2 y l 

x(A- zln) 1 ' 2 [(A - zln)- 1 - (Ao - zln)- 1 } 

x(A- zIn)- 1/2 {(A - zI u yl 2 (A Q - zI H )-^A - zln) 1 / 2 }) 

+ l -tT U ({{A- zIny/ 2 {A n - zlnY^A- zln) 1 ^ 1 

x {{A - zInY 2 {A - zlnY^A ~ zI H y' 2 }(A - zln)- 1 ' 2 
x [(A - zlnY 1 - (Ao - zlnY 1 ] (A - zln) 1 ' 2 ) 

= Ut h {(A - zln) 1 ' 2 [(A - zln)- 1 - (A Q - zln)- 1 ] (A - zln)- 1 ' 2 ) 

+ \tr H ((A - zlnY 1 ' 2 [(A - zlnY 1 - (A - zln)- 1 ] (A - zln) 1 ' 2 ) 

= Um((A - zlnY 1 - (Ao - zln)- 1 ) + ^n(( A ~ zI n)~ X ~ (Ao - zln)- 1 ) 
= tvn{(A-zIn)- 1 -(A -zIn)- 1 ), z e C\(-t + S Uo ) . (2.68) 

Here we repeatedly used cyclicity of the trace. □ 

Remark 2.9. (i) Extensions of the standard perturbation determinant 

dctn((A - zIn)(A - zln)- 1 ) = det n (l n + (A- A Q )(A Q - zln)- 1 ) (2.69) 

to certain symmetrized (sometimes called, modified) versions involving factoriza- 
tions of A — Ao have been considered in [35] and [7H Sect. 8.1.4]. However, Theorem 
12.81 appears to be of a more general nature and of independent interest. 
(ii) We emphasize the general nature of the hypotheses on A, Ao in Theorem 12.81 
In particular, it covers the frequently encountered special case of self-adjoint opera- 
tors A, Aq with Ao bounded from below and A a quadratic form perturbation of Ao 
with relative bound strictly less than one, in addition to the trace class requirement 
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(|232]l . In this case one has dom(|A | 1/2 ) = dom^l 1 / 2 ). Actually, Theorem Ol 
permits the more general situation where the latter equality of form domains is 
replaced by dom(|^4o| 1 ^ 2 ) Q dom(|^4| 1 / 2 ). The latter fact will have to be used in 
our application to one-dimensional Schrodinger operators on a compact interval in 
Section [4] in the case where the separated boundary conditions involve a Dirichlet 
boundary condition at one or both interval endpoints. 

(Hi) Going beyond item (VIII), we also note that Theorem 12 . 8 1 applies when A, Aq 
are (Dunford) spectral operators of scalar type [301 Ch. XVIII] (in the sense that 
their resolvent is similar to the resolvent of a self-adjoint operator) with real spec- 
trum bounded from below. 



3. Boundary Data Maps and Their Basic Properties 

This section is devoted to a brief review of boundary data maps as recently 
introduced in [TJ. The results taken from [Tl] are presented without proof (for 
detailed proofs and for an extensive bibliography we refer to 14 ). We will also 
present a few new results of boundary data maps in this section (and then of course 
supply proofs). 

Taking R > 0, and fixing 9q,9r € S^, with S^ the strip 

S 2 rr = {zeC|0<Re(z) <2tt}, (3.1) 

we introduce the linear map 7e ,g R , the trace map associated with the boundary 
{0, R} of (0, R) and the parameters 9q, Or, by 



C 1 ([0,iZ])->-C 2 , 



1 6 o,6b. • 



cos(6> )u(0) + sin(0oK(O) 
cos{6r)u(R) - sin(9 R )u'{R) 



9q,9r G S2n, (3-2) 



where "prime" denotes d/dx. We note, in particular, that the Dirichlet trace jjy, 
and the Neumnann trace 7jv (in connection with the outward pointing unit normal 
vector at 9(0, R) = {0, R}), are given by 

ID = 70,0 = -77i%7r, JN = 737r/2,37r/2 = "7^/2, tt/2- (3-3) 

Next, assuming 

V ^L l ((0,R);dx), (3.4) 

we introduce the following family of densely defined closed linear operators Hg _g R 
hxL 2 ((0,R);dx), 

H-Sofiaf = ~/ + V f- ®0, Or. € S2w, 

f e dom(H 8o ,e R ) = {g £ L 2 ((0,R);dx) \g,g' G AC([0,R]); je ,e R (g) = 0; (3.5) 

(-g" + Vg)eL 2 ((0,R);dx)}. 

Here AC([0,R]) denotes the set of absolutely continuous functions on [0, R]. We 
remark that V is not assumed to be real-valued in this section. It is well-known 
that the spectrum of Hg (h g R , a(Hg _g R ) is purely discrete, 

a {He ,e R ) — (7 d{Hg 0t g R ), q ,9ji g S%„. (3.6) 
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In addition, the resolvent of Hg 0i g R is a Hilbert-Schmidt operator in L 2 ((0, R); dx) 
and the eigenvalues Ee ,g R ,n of He ,e R , in the case of the separated boundary con- 
ditions at hand, are of the form 

Ee fi R ,n = [(mr/R) + (a n /n)} 2 with a n £ 1°° (N) , (3.7) 

n— >oo 

as shown in [55) Lemma 1.3.3]. Moreover, Hg fi R is known to be m-sectorial (cf. 
[2H Sect. III.6], [391 Sect. VI.2.4]). 
One notices that 

7(0 o +7r)mod(27r),(0R+7r)mod(27r) = ~~ 70o,0R' ^0> &R G ^ttj (3-8) 

and, on the other hand, 

#(0o+7r)mod(27r),(0R+7r)mod(27r) = Hg Q ,g R1 6q, 6 R € S^-k, (3.9) 

hence it suffices to consider 0q,9 r £ 5V = {z G C | < Rc(z) < ir} rather than 
OqjOr S SW in connection with Hg _g R , but for simplicity of notation we will keep 
using the strip S^ throughout this manuscript. 
The adjoint of Hg ^g R is given by 

(He ,g R yf = -f' + Vf, 6 ,e R (=S2n, 

I e dom((Hg 0t g R y) = {ge L 2 ((0, R); dx) \ g,g' G AC([0,R}); Tfc^fo) = 0; 

(-g" + Vg) £L 2 ((0,R);dx)}. (3.10) 

Having described the operator Hg ^ R is some detail, still assuming (|3. 41) . we now 
briefly recall the corresponding closed, sectorial, and densely defined sequilinear 
form, denoted by Qh b „ , associated with Hg 0t g R (cf. (3H1 P- 312, 321, 327-328]): 

Q Heo , eR (f,g)= / dx[f'{x)g'{x) +V{x)f{x)g{x)] 



- cot(0 o )/(O) 5 (O) - cot(6 R )f(R)g(R), (3.11) 

/,.gedom(Q Heo , e J-ff 1 ((0,i?)) 

= {/iGl 2 ((0,i?);di)|/ie4C([0,i?]); ft' £ L 2 ((0, R);dx)}, 

Q Ho , eR (f,g) = / dx[/'(x). 9 '(.x) + V(x)f(x)g(x)] - cot(8 R )f(R)g(R), (3.12) 

Jo 
f, g £ dom(Q Hot)R ) 

= {h £ L 2 ((0, R); dx) \ h £ AC{[0, R]); h(0) = 0; h! £ L 2 {{0, R); dx)}, 

R eS 27r \{0,n}, 
r-rt 



Qh Bq M,9) = / dx[f'(x)g'{x) + V(x)f(x)g(x)} - cot(0„)/(O)s(O), (3.13) 

Jo 
f,g <EdoiR(Q Heo0 ) 

= {/iGl 2 ((0,i?);di)|/ie4C([0,i?]); h(R) = 0; ft' £ L 2 ((0, R); dx)}, 

e es 2 A{o^}, 
r R 

QhoM>9)= dx[f'(x)g'(x) + V(x)f(x)g(x)], (3.14) 
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f,ge dom(Q Ho , ) = dom(\H ,o\ 1/2 ) = H^((0,R)) 

= {he L 2 ((0, R);dx) \ h G AC([0, R]); h(0) = 0, h(R) = 0; 

ti GL 2 ((0,i?);da;)}. 
Next, we recall the following elementary, yet fundamental, fact: 

Lemma 3.1. Suppose that V G L ((0, R);dx), fix 9q,9r G S^w, and assume that 
z G C\a(Hg 0t g R ). Then the boundary value problem given by 

-u" + Vu = zu, u,u' G AC([0,R}), 



le ,e R {u) 



Co 

CR 



(3.15) 
(3.16) 



has a unique solution u(z, •) = u{z, ■ ; (0q, Co), (Or, cr)) for each cq, cr G C. 
Assuming z G p(Hg 0t o R ), a basis for the solutions of (|3.15|) is given by 
u_ A (z, •) = «(*,-; (00,0), (0,1)), 
u +,e R (z, ■) = w(z, • ; (0, 1), (6 R) 0)). 
Explicitly, one then has 

U- t e (z,R) = 1, cos(9 o )u- : o (z,O) +sm(9o)u'_ At {z 7 0) = 0, 
u +!0R (z,O) = 1, cos(0r)u +> b r {z,R) -am(0R)u' +dR (z,R) = 0. 
Recalling the Wronskian of two functions / and g, 

W(f, g)(x) = f(x)g'(x) - f'(x)g(x), f,g£ C\[0, R]), 
one then computes 

W(u +i6r (z, •), U-, So (z, •)) = u'_ eo (z, 0) - u' +eR (z, 0)ti_,e o (z, 0) 

= u +) e R (z, R)u'_ ea (z, R) - u' +eR (z, R), 
To each boundary value problem (|3.15p . (|3. 161) . we now associate a family of 
general boundary data maps, A e "' e R (z) : C 2 — > C 2 , for 9o,9r,9' ,9 r G SW, where 



(3.17) 

(3.18) 
(3.19) 

(3.20) 

(3.21) 
(3.22) 






!(*) 



A e°o,el( z )bfd ,e R (u(z,- ;(9q,c ),(9r,cr)))) 
16' ,6' r (u(z,- ;(9 ,c ),(9 R ,c R ))). 



(3.23) 



With u(z, ■) = u(z, ■ ; (9 ,c ), (9r,cr)), then A e °' R (z) can be represented as a 2 x 2 
complex matrix, where 



AS&W 



co 
cr 



KZ(z) 



cos(9 n )u(z, 0) + sin(6o)u'(z, 0) 
cos(9r)u(z, R) — sm(6R,)u'(z, R) 

cos(6' )u{z,0) + sm(d' )u'(z,0) ' 
cos(6' R )u(z, R) - sm(6' R )u'(z, R) 



(3.24) 



One can show that A e °' e R is well-defined for z G p(Hg _g R ), that is, it is invariant 
with respect to a change of basis of solutions of p,15[) (cf. [21 Theorem 2.3]). 
Moreover, one has the following facts: Let 9q,6r,6' ,9 r ,$q,9 r G SW- Then, with 
I2 denoting the identity matrix in C 2 , 



k e ° o f R iz)=h, zep(H eo ,e R ), 



(3.25) 
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KlftMVfcW = A K(*)' z e p(He ofiR )Kp{H e ^ B \ (3.26) 

Kl'ZW = [ A &S(*)] ^ z e P(^o,««) n P( H B' ,B' R )- ( 3 - 27 ) 

Remark 3.2. Even though A. g °' g R is invariant with respect to a change of basis 

for the solutions of (|3.15|) . the representation of A. g °' e R with respect to a specific 
basis can be simplified considerably with an appropriate choice of basis. For ex- 
ample, by choosing the basis given in (|3.17[) , and by letting ipi(z, •) = u + g R {z 1 ■) — 
u(z, ■ ; (0, 1), (Or, 0)), and ip2(z, •) = u_g (z, •) = u(z, ■ ; (0 Q , 0), (0, 1)), one obtains 
using this basis, 



A 



A!s;&w) a 



Z G p(Hg 0i g R ), 
l<j,k<2 

cos(e' o ) + sm(0' o )u' +t g R (z,O) 
cos(6» ) + sin(6> o )u+,0 R (^ 0) ' 
cos((%)n_e o (z,0) + sin((%)u'_3 o (z,0) 

cos(0 fl ) - sin(0 R )u'_ >( , o (z, i?) 
cos(6>^)M +i e fl (z, J R)-sin(^)M^g fl (z,.R) 

cos(6» ) + sm(0o)«' + ,0 B ( z > °) 
<x»(^)- sinful , (*,Jz) 



(3.28) 



(3.29) 



,2 cos(6 R ) - ain(6 R )u'_ 6o (z, R) ' 



In particular, by (|3~Tg|) and (|3~lUl) , 



(aS;&w) 1s ,-o, (a^(z)) 2i = o. 



(3.30) 



Remark 3.3. We note that A 2 g 2 (z) represents the Dirichlet-to- Neumann map, 
K D-N (z), for the boundary value problem (|3.15p . (|3.16p ; that is, when = 6 R = 0, 
0' = 6 R = tt/2, then (HOI)) becomes 



A 



D,N 



CO 



u(z,0) 
u(z,R) 



AJ/W 



u(z,0)' 

u(z,R) 



u'(z,0) 

-u'(z,R) 



z e p(He 0< e R ), (3.31) 



with u(z, •) = u(z, • ; (0, Co), (0, Cr)), u(z,0) = Co, u(z,R) = cr. The Dirichlet-to- 
Neumann map in the case V = has recently been considered in |63[ Example 5.1]. 
The Neumann-to-Dirichlet map A.m,d{z) = A^ 7r / 2 ( z ) — ~~ [A_d,jv(z)] _1 in the case 
V = has earlier been computed in [IT] Example 4.1]. We also refer to jS], [12], 
[16] in the intimately related context of Q and M-functions. 

We continue with an elementary result needed in the proof of Lemma 13.41 but 
first we introduce a convenient basis of solutions associated with the Schrodinger 
equation (|3~T5| : Fix z g C and let 6(z, '),6'(z, -),4>(z, -),(j>'{z, •) 6 AC([0,R]), and 
such that 0(z, •) and (f>(z, •) are solutions of 



— u" + Vu = ZM. 

uniquely determined by their initial values at x = 0, 

0(,s, o) = 4>'(z, o) = i, e'(z, o) = ^(z, o) 



0. 



(3.32) 
(3.33) 
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In particular, 9(z, •) and <p(z, •) are entire with respect to z. Introducing 

i>(z,-)=A6{z,-) + B<p{z,-), A,BeC, 



it follows that 

le ,6 H (4>) = 
is equivalent to 
= 



cos 
cos 



*(0oM*,O) + sin(0o)V''(*,O) ' 
■,(6 R )iP(z,R)-sm(d R W(z,R) 



= 0e 



(3.34) 
(3.35) 



cos(^o) sin(#o) 

cos(9 R )9(z, R) - sm(9 R )9'(z, R) cos(9 R )cf>(z, R) - aia(9 R )<j)'(z, R) 



= U{z,R,9 ,9r) 

Consequently, introducing the determinant A defined by 

A(z, R, 6 , Or) = dot (U(z, R, 9 , 9 R )) , 



one concludes that 

. eigenvalue of Hg 0t g R <^=^ z Q 



(3.36) 
(3.37) 



z is an 



is a zero of the determinant A(-, R, 9 , 9 R ). 

(3.38) 

Moreover, A is an entire function with respect to z, and an explicit computation 
reveals that 



lat 

A(z, R, 6» , Or) = cos(6» ) cos(9 R )(f)(z, R) - 

- sin(6> ) cos(9 R )9(z, R) + sin(<9 ) aia(9 R )9'(z, R) 



- cos(#o 
■ sin 



.(0o)sin(W(*>fl) (33g) 

• -,-,,.■■> Jn(9 Q )8m(9 R )9'(z,R). 

point out that the function A is closely related to the usual Wron- 
ution u±fio,6 R of Q3.32J) satisfying the boundary conditions 

(3.40) 

(3.41) 

(3.42) 

(3.43) 



In addition, we point out that the function A is cl 

skian of two solution u± t e 0> g R of Q3.32J) satisfying tne Dounaary co 

™ a(9o)u + , 6o ,e R (z,0) + sin(9 )u' +t g 0! g H (z,0) = 1, 

'R)u+,e ,e R (z, R) - sin(9 R )u' +t6ot6R (z, R) = 0, 



cos 

COS 

cos(6'o 
cos 



■{9 R )u + fi ,6 R {z,R) 

■.os(9 )u_ A>fiR (z,0) + sm(9o)u'_ g0i g R (z,0) = 0, 
cos(9 R )u-,e ,e R (z,R) - sin(9 R )u'_ ie0ieR (z, R) = 1. 
In vector form, these boundary conditions correspond to 

[le ,e R (u+,e ,e R ) l6 ,6 R {u-,e ,e R )] = h- 
Since 76/ ,e H i s a linear map, it follows from (I3.34p that 

_ r a~\ 



le ,eM) = [le M R {9) je ,e R (<f>)] 



hence by (|3.36l) 

U(z,R,9 ,9r) = [jg ,e R (9) 7e ,e R (</>)] • 
Using p.44p and the linearity of 79 ,9 H once again one concludes that 

,e ,e R (z,x) u^.e 0y e R (z,x)] = [9(z,x) (f>(z,x)] i 

(3.47) 

since both sides solve (|3.32p and satisfy the same boundary condition. Thus, (|3.46[) 
vield 



[ u +,< 



(3.44) 
(3.45) 
(3.46) 

<f>(z,x)] [le fi R {9) le fi R {(t>)} 

(3.4 



and PT471) yield 

-,«„,**(*> ■)) = W(9(z, •), <f>(z, •)) det(U(z, R, 9 , 9^) 



W(u +tSot g R (z,-), 
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= A(z,R,9 ,9 R )-\ (3.48) 

where W(-, •) denotes the Wronskian of two functions as introduced in (|3.20j) . 

Lemma 3.4. Assume that 9$, 9 R ,9' a ,9' R 6 S%^, and let Hg a g R and Hgi & be defined 
as in (|3.5p . Then, with A(-, R, 9o, 9 R ) introduced in (|3.37p . 

Proof. We recall the formula 

A^(z)= [7^(^,0) 70 O) R OK*,-))] fao.^W*,')) Ttb^Wv)]" 1 , 

(3.50) 
established in the proof of Theorem 2.3 in [11]. Since 

[79o,flii(^.-)) 700,0* OK**')] ( 3 - 51 ) 

= / cos(6» ) sin(^o) \ 

_ l v cos(6' J? ,)6'(z, i?) - sin(0 fl )0'(,z, i?) cos(9 R )(f>(z, R) - sm(6 R )(f>'(z, R)J ' 

one verifies 

det C2 ([w ,e R (9{z,-)) i6 ,e R (<t>(z,-)] ) = A(z,R,9 ,9 R ), z e C, (3.52) 

and hence (|3"13|) . D 

The following asymptotic expansion results will be used in the proof of Theorem 



Lemma 3.5. Assume that 9 ,9 R G S^, 9' ,9' R £ <S2,A{0,7r} ; and let Hg Q g R and 
Hgi gi he defined as in (|3.5[) . Then, 

<kt<?(Ag;&(*)) 

' ggffl&j +0(W" 1/a ). G^eS^o,*}, 

_ sin(Osin(^) |a;|1/2 + 0(1)| o=O ,^e5 2 A{O,7r}, 

_ S in(^ S in(^) |z|1/2 + 0(1)) ^ g 5aw \ {0>7r}j ^ = Q) 

iS in(0 o ) sm(9' R )\z\ + 0{\z\^ 2 ), O = 9 R = 0. 
Proof. The standard Volterra integral equations 

9(z, x) = cos(z 1 / 2 x) + / X dx' Sm(zl ' ( ! '~ ^ l v(x')9(z, x'), (3.54) 



Im(z 1/2 )>0 



yl/2 

, , sin(z 1/2 a;) /"" , . sin(z 1/2 (a; - x')) rr/ ..., .. ,„„, 

(*,») = zl/2 - +/ tfa zl/2 ^V(s')0(«,^). (3-55) 

zeC, Im(z 1/2 ) >0, xe [0,R], 
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readily imply that 



9(z,x) = cos(z^ 2 x) + o(\z\'^ 2 e lm ^ /2 ^), 

\z\— >oo \ / 

9'(z,x) = -z 1 / 2 sm(z 1 / 2 x) + 0(e 1 ^ zl/2 '> x ), 

\z\— >oo V / 



(z,x 



sin(2; 1 / 2 a;) 



\z — >oo Z 



1/2 



o 



(\z\- 1 e la ^ 1/ 



■-), 



(3.56) 



4>'(z,x) = co S (z 1 / 2 x) + o(\z\- 1 / 2 e 1 ^ zl/ ^ x ). 

\z\— >oo \ / 

An insertion of (|3.56[) into f|3.39[) then yields 

'2- 1 sin(0 o )sin(^)|z| 1 /2 e im( Z 1/2 ) +O ^ e im( 2 1 / 2 fl)^ 

Oo,e R GS 2w \{^h 

-2- 1 sin(^)e Im ^ 1/2 ) + O^I-VV" 1 ^ 172 ^) , 
0o=O, 9 fl eS 2 A{0,f}, 

-2- 1 sin(0 o )e Im ( 2l/2 ) + O^zl-VSeimC^ 2 ^^ , 
e S a «\{0,n}, e R = 0, 

2- 1 |z|- 1 /2 e im(^ 2 ) + o^j-ieim^/ 2 )^ ^ 



A(z,R,e ,e R ) 



\z\— foo 
Im(z 1/2 )>0 



9 = fl = 0. 



Finally, combining (pH9")) and (|537)l proves (pT53"l) . 



(3.57) 
D 



Next, we recall an explicit formula for A g °' g R (z) in terms of the resolvent (Hg ^ R — 

zl) of Hg ^ R and the boundary traces 70' ^ • We start with the Green's function 
for the operator Hg 0y g R in (|3.5p . 



(3.58) 



Gg 0t e R (z,x,x') = (H e0t g R - zl) 1 (x,x') 

_ 1 Ju_, 8o (;z,x')u+,e H (z,z), ^ x' ^ a;, 

^(w+,0 B O*,-),W-,0oOv)) [u_, eo (0,x)u +i9ii (z,x'), OsCx^x', 

Z G p(Hg Qt g R ), x,x' e [0,R]. 

Here u+ l $ R (z,-),U- ! $ (z,-) is a basis for solutions of (|3.15|) as described in ()3.17p 
and we denote by / = lL 2 ((o.R);dx) the identity operator in L 2 ((0,R);dx). Thus, 
one obtains 



(3.59) 



{( H e ,9 R -zI) l g)(x)= / dx' Gg f R {z,x,x')g{x'), 

Jo 

.9 £ L 2 {{0 7 R);dx), z e p{Hg ,g R ), x g (0,i?). 
For future purposes we now introduce the following 2x2 matrix 



Sg ,g R 



sin(0 o ) 

sin(6» fl ) 



(3.60) 
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Theorem 3.6. Assume that 9o,9r,9 ,9' r G SW and let Hg .g R be defined as in 
([33]) . Then 

K o o ' e 6*( z ) s e' o -e o .0' R -e R = le> ,e> R bgr,gr(( H e ,e R )* -^iy 1 ]*, z g p(Hg 0t g R ). 

(3.61) 

The fact that A g °' g R (z) and A s a ' s R (z) satisfy a linear fractional transformation 
is recalled next: 

Theorem 3.7. Assume that 0o, 9r, 9' , 9' r , S , <5_r, S' a , 5' R G S^, S' — So ^ mod(7r), 
5' R — 6r 7^ 0mod(7r), and that z G p(Hg a ,g R ) n p(Hs 0i s R )- Then, with Sg ,g R defined 
as in (|3.60|l . 



(3.62) 



A 9° ',9 R ( Z ) - ( S S' -Sa,S> R -8 R ) [ S S' -6' ,5' R -6' R + Se> -8 ,e> R -8 R A s ' t5R {z)] 
x [Ss' -e ,s' R -e n + Se -8 fi R -8 R A s °' s R (z)] S S ' B -8 ,8' R -8 R - 
If in addition, 9' R — 9r ^ 0mod(-7r), S' — Sq 7^ 0mod(7r), then 

A e°ofi R R { z ) s e' -e fi' R -e R 

S S' -6' ,6' R -6' R + ( S S' -So,S R -S R ) S e> o -8„,0 R -8 R A. s o o l s R (z)Ss^-8 o ,8 R -8 R 

(Se' o -8o,8' R -0R) Ss' -6 ,6 R -6 H + {Sg' -g ,g R -g R ) (S8' -s a ,s' R -s R ) 

8' 8' I _1 

X Sg - So ,g R ^5 R A s o ] s R (z)S S > a _s , 5 > R _s R j . (3.63) 

We denote by C + the open complex upper half-plane and abbreviate Im(L) = 
(L - L*)/(2i) for L G C nx ™, n € N, In addition, d||£|| C 2x2 will denote the total 
variation of the 2x2 matrix- valued measure rfS below in f|3.65[) . 

The matrix M(-) is called an n x n matrix- valued Herglotz function if it is 
analytic on C+ and Im(M(z)) > for all z G C+. Now we are in position to recall 

the fundamental Herglotz property of the matrix A e ' e R (-)Sg' -g fi> -g R in the case 
where Hg 0t g R is self-adjoint: 

Theorem 3.8. Let9 ,9 R ,9' ,9 R G [0,2tt), 6' -6q ^0mod(7r) ; 9' R -9 R ^ Omod(n), 
z G p(Hg 0t g R ), and Hg Qt g R be defined as in (I3.5I) . In addition, suppose that V is 

real-valued (and hence Hg Qi g R is self-adjoint). Then A g °' g R (-)Sgi -g ,g> -g R is a 2 x 2 
matrix-valued Herglotz function admitting the representation 

<±( z )Se^g ^e R - sgfi + £d%fo\)(j±- ^) , (3.64) 

z £ p[Hg afiR ), 

v e 'oK _ «.«rV e (T 2x2 f d W^e R W\\c^ ,„ fi ,x 

-e ,g R ~ \-e ,g R ) fc ^ > / 1 + A 2 < °°' ^ 6 - K>i) > 

where 

sjH k ((Ai,A 2 ]) = -limlim f ' dXIm( Af°'f*(A + ie)Sg> _g n 0' _ fl A , 

0o,0 R U l) 2j; 7T 5J.0 e4-0 7 Al +5 ^ ° * ' (3-66) 

Ai, A2 G R, Ai < A 2 . 
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In addition, 
and 



rm ( A S:Si(*)^-flo,flk-fl*)>0, zeC + , 

supp(ds£^) C ( ff (JJ 9o;flB )Ua(fi 9iii )), 



(3.67) 



(3.68) 



in particular, A e o '^(-)S e ' -e ,e' R -e R is self-adjoint on Rn p(He ,e R ) C\ p{He> ot6 > H ). 

We note that relation (|3.68|) is a consequence of (|3.49j) and of the fact that 
A 9o,9 R ^) S 9' -9 a ,9' R -9 R is a meromorphic Herglotz matrix. 

Remark 3.9. If 9' Q - 9 = 0mod(7r) and $' R - 9 R ^ 0mod(7r) (resp., 6' R - 9 R = 
0mod(7r) and 9' a - 9 ^ 0mod(7r)) then (f3T30|) shows that Kl'!e R (-) S o,e> R -e R (resp., 
A e ° ' S R (-)Sgi -e ,o) is a diagonal matrix of the form 



K,e^) s o,e' R -e R - I Q ^ 



resp., A%'l*m 



-"o,' 



( m 8o(-) 

\ 



with mg R {-) (resp., rn$ a {-)) a scalar Herglotz function. 



(3.69) 



Finally, we briefly turn to a discussion of Krein-type resolvent formulas for the 
difference of resolvents of Hgi $• and Hg 0i g R : 

Lemma 3.10. Assume that 9o,9 R ,9' ,9 R 6 S^-k, let Hg Qt g R be defined as in (J3.5I) . 
and suppose that z G p(H$ 0t g R ). Then, assuming f € L 2 ((0, R); dx), and writing 

'(w ,e' R (H Soj g R -zI)- 1 ) l f] ^ 

_{le> ,8> R (He ,8 R - zI )~ l ) 2 f. 



16'6'{H9 ,9 R -Zl) 1 f 



(3.70) 



one has 

(l9' ,9' R (He ,9 R - zl)~ l )j 



wa% - Oo) 



{l9> r 9> R (He ,9 R - zl) l ) 2 f 



W(u+,e R (z, -),u-,e (z, •)) 

%$££, 9 eS 27T \{n/2,3n/2}, 
- sin(9' - Or) 



{U+,9 R (Z, •), /) L 2(( ,R)-dx) 

(3.71) 



-(«-,flo (*>•)./) J 



W(«W*, •), u_, eo (^, •)) v ^'" ov ~' " J ^ 2 ((o-«);^) 



^e5 2w \{7r/2,37r/2}, 



Sm(#JJ. 



cos(6»_r) 

in addition, 

l9 ,9 R (H 6o ,9 R - zl)' 1 = inB(L 2 ((0,R);dx),C 2 ), 
(le o ,e R (H 6o ,0 R -zI)- 1 ) k = O m B(L 2 ((0,R);dx),C), fc = l,2. 

Introducing the orthogonal projections in C 2 , 



Pi = 



1 




p 2 = 




1 



(3.72) 

(3.73) 
(3.74) 

(3.75) 



one obtains the following Krein-type resolvent formulas (cf. [U Ch. 8], [3], [9]-[14]. 
[23], [25], [26]-[28], [34], @3]-[45], [60], [63], [64], [67]): 
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Theorem 3.11. Assume that 6q,8 'r,6 ,9' r G Sgjr, let He .e R and Hg> g> be defined 
as in (|3.5[) . and suppose that z G p(Hg g R ) n p(H g > g> ). Then, with A e °' g R (-) 
introduced in (J3.23I) . and with Sg .g R defined as in (I3.60|) . 

{H e[r g, R -zl)- 1 = {H 6ofiR -zl)- 1 

- hv o ,er(( H 0o,enT -ziy^S^,^ (3.76) 



A °' 



W\ be^ R {He afiR -zI)- 1 l 0o ^ 0' Q , 6 R ^ 9' R . 

(Hg^-zir^iHg^-zI)- 1 

~ h^dHeo^y - zl)- 1 ]* lsm(9' R ~ Or)}- 1 P2 (3.77) 

x ' kll'^z)]' 1 P 2 [w ,e- H {He ,6n- zl)' 1 ], 6 R ^6' R , 
{H e , QfiR - zl)' 1 = {H 6afiR - ziy 1 

~ [ler^((Hg ,g R r -zl)- 1 ]* [sm(0' o - BoT^i (3.78) 

x ^Z^)]' 1 p Aie' fi R {H Bo ,g R - ziy 1 ], e ^o' . 

4. Boundary Data Maps, Perturbation Determinants and Trace 
Formulas for Schrodinger Operators 

In this section we present our second group of new results, the connection be- 
tween boundary data maps, appropriate perturbation determinants, and trace for- 
mulas in the context of self-adjoint one-dimensional Schrodinger operators. 

While Theorem l2.8l appears to be an interesting extension of the classical result, 
Theorem 12. l\ it is in general, that is, in the context of non-self-adjoint operators, 
not a simple task to verify the hypotheses (|2.30|) - (|2.32|) as they involve square root 
domains. In particular, it appears to be unknown whether or not dom(Hg ^ R ) and 
dom((Hg _g R )*) coincide and hence coincide with dom(Q^ () g ), the form domain of 
Hg 0t g R (assuming Hg ^g R to be non-self-adjoint): This question amounts to solving 
"Kato's problem" in the special case of the non-self-adjoint Schrodinger operator 
Hg 0! g R (cf., e.g., and [2], [6], [38], [52], [57], [58], and [59]), a topic we will return to 
elsewhere. 

To be on safe ground, we now confine ourselves to the special case of self-adjoint 
operators Hg Q ^ R for the remainder of this section: Necessary and sufficient condi- 
tions for Hg fi R to be self-adjoint are the conditions 

V G ^((O, R)]dx) is real-valued, (4.1) 

and 

0o,0Re[O,27r), (4.2) 

assumed from now on. Then the 2nd representation theorem for densely defined, 
scmibounded, closed quadratic forms (cf. |39, Sect. 6.2.6]) yields that 

dom{{Hg .g R - zl u ) l/2 ) = dom(|# eo , eR | 1/2 ) = dom(Q Hf>o e J, 

O , Or G [0,2tt), zeC\[e 8o , 8s ,oo), 
where we abbreviated 



ee ,e R = mi(<j(Hg 0t e R )), # , 9r G [0, 2ir). 



(4.4) 
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Here (H$ 0l o H — zI-h) 1 / 2 is defined with the help of the spectral theorem and a 
choice of a branch cut along [eg 0t g R , oo). A comparison with (|3.11|l - (|3.14|l . employ- 
ing the fact that 

dom((F e ,,^ - zlu) 1 ' 2 ) = &om{\He> ,6- R \ 1/2 ) = H l {{Q,R)), (4.5) 

9' ,6' R e [0,2tt)\{0,^}, z g C\[efl/ >ek ,oo), 

dom((iT flo , fljl - zlu) 1 / 2 ) = domd^,^] 1 / 2 ) C ^((O.iZ)), (4.6) 

6> ,6>,r e [0, 2w), z G C\[eg ,e R ,oo), 

then shows that 



(4.7) 



{H e , oK - ziy/ 2 (H 9o ,o H zI)-i(H e , j$ , R - ziy/ 2 
= [(H e , fi , R - ziyl 2 {H 9o ,e R - zir 1 ' 2 ] 

x [(H 9 , K -zlf/\H 6o ,e R -zl)~ 1 / 2 ]* G B(L 2 ((0,i?);^)), 
fl / ,«ke[0,27r)\{0,7r}, o ,0fl G [0, 2tt), zeC\[e ,oo), 
where we introduced the abbreviation 

e = inf (a(H 6ot e R ) U cr(H e > ot o R )) = min(ee ,e R , e<^,<^)- (4.8) 

Moreover, applying Theorem 13.111 one concludes that actually, 

(ify, ek - ziy/ 2 (H eo , dR - zi)-\H e . ofi . R ~ ziy/ 2 - 1 

= -(H e . ,e> R - ziy/ 2 [(H e , ofi , R - z/)-i - {H 9afiR - z/)-i] (^7 - ziy/ 2 
is a finite-rank (and hence a trace class operator) on £ 2 ((0, R);dx), (4.9) 
0^ G [0,2tt)\{0,^}, o ,0 fl G [0,27r), z G C\[e ,oo). 

To see the finite-rank property one can argue as follows: By (|3.70[) — (I3.72p . the 
C 2 -vector Je' ,e' R (Hg Ot g R - zl)~ r f, f G L 2 ((0,i?);efo), is of the type 



le> fi> R (H 9ofiR - zl) \f = 



Ci{u+,e R (z,-)j) 



L 2 {{0,R);dx) 



C 2 (u-j B (z,-),f) L2{{0Rydx) 



(4.10) 



for some Gj = Cj(z,9' ,9' R ,9o,9 R ), j = 1,2, and hence, since obviously u+ t e R (z,- 
and u-fi Q {z,-) belong to i? 1 ((0, R)), 

lK,e>JHe ,e R - zl)' 1 ^^ - ziy/ 2 g 

Ci(u + ,e R (z,-), {H 6 > ,e> R - zI) 1/2 9) L2mRhdx) 

C 2 («-,»„ (*,-), {H e , ofi , R - zI) 1/2 g) L2(i0R)idx) 



CidCfTfl/,^ - ziy/ 2 }*u + , eR (z,-),g) L2{i0R) . dx) 
C 2 ([{H e ,, e , R - ziy/ 2 y^^{z-),g) L2mR);dx} 



gGH^^R)), (4.11) 



extends by continuity to all g G £ 2 ((0, R); dx). Similarly, using 14, eq. (3.54)], one 
infers for any [ao a R ] T G C 2 that 

[w o ,e' R ((H $o , 0It y -zl)- l ]*[a a R ] T 

= Dia u +fia (z,-) + D 2 a R U- :So {z,-) G #*(((), .R)), 



(4.12) 
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for some Dj = Dj(z,9' ,9' r ,9q,9 r ), j = 1,2. Consequently, 

(H e , K - zI) 1/2 [w ,6' R ((He ,e R y -zl)- l ]*[a a R ] T e L 2 ((0,i?) ;( fc) (4.13) 

is well-defined for all [a a R ] T 6 C 2 . Thus, combining (|4.11[) (for arbitrary 
g G £ 2 ((0, R);dx)) and (14.131) (for arbitrary [a a R ] T G C 2 ) with the finite-rank 
property of the second terms on the right-hand sides in (|3.76p ~ p.78p yields the 
asserted finite-rank property in (|4.9[) . 

Thus, the Fredholm determinant, more precisely, the symmetrized perturbation 
determinant, 

det L 2 {{0>R) , dx) ((#^7 - zI) l /*(H eo ,e R - zI)-^H e ,, e , R - ziy/ 2 ) , 
6 ,8 R <=[0,2ir), 9' 0l 9' R t(0 1 2ir)\{ir}, zGC\[e ,oo), 



is well-defined, and an application of Theorem l2.8l to Hg> g> and Hg _g R yields 
toLmo,R);dx)((Hg> ,g> R - zl)' 1 - {Hg 0t g R - ziy 1 ) 

= -^l n (det i2((0 ,fl );dx) ((H 9 , gK - ziy/ 2 (Hg ,g R - zI)-l(Hg, o> g, R - zI)V*)), 
00, 9 R G [0, 2tt), 9' o ,0' r € (0, 27r)\{7r}, z G C\[e , oo), (4.15) 



whenever det L 2 {{0 ^ R) . dx) ^(H g ^ g , R - ziy/ 2 (Hg 0i g R - zl) 1 (H e > ot g> R - zl) 1 / 2 ) ^ 0. 

Next, we show that the symmetrized (Fredholm) perturbation determinant (|4.14p 
can essentially be reduced to the 2x2 determinant of the boundary data map 

A&&(*): 

Theorem 4.1. Assume that 9o,9 R G [0,2tt), 9' ,6' r G (0, 2ir)\{ir}, and suppose 
that V satisfies (|4.ip . Let Hg 0t g R and Hgi gi be defined as in (|3.5p . Then, 

det LH{0tR) . dx) ((Hg, o> g R - ziy/*(Hg ,g R - zI)-i(H e , ot g, R - zl) 1 / 2 ) 

sin(0 o ) sm(9 R ) f k 6' ,e' R , A ,_ ^ , , ( 4 " 16 ' ) 

Proof. Let z G C\[eo, oo). By p. 81) and (I3.9P it suffices to consider 0o,0i? G [0, 7r), 
O , 0^ G (0, 7r). Moreover, we will assume that 9 y and 0_r ^ 0. The cases where 
9q = and/or 0# = follow along the same lines. 

In addition, simplifying the proof a bit, we will choose z < 0, \z\ sufficiently 
large, and introduce the following convenient abbreviations: 

H = Hg 0t g R , H' = H g ^g, R , 1 = l6ofiR , 7 ' = 7e , ek , 

/sin(0 o - 0' ) 

^ sin(0 fl - 9' R ) / 

U+(Z, ■) = U +j g> R (z,-), U-(z,-)=U_ t g> (z,-), (4.17) 

W(Z) =W(U+(Z,-),U-(Z,-)) = W(u +t g R (z,-yu_,gr (z,-)), 

B(z) = (H' - zl) 1 ' 2 [y{H' - ziy 1 ] * G £(<C 2 , L 2 ((0, R); dx)) . 

That B(z) G B(C 2 , L 2 ((0, R); dx)) follows as in (J4TT21 . (|4TT5|) . In addition, we recall 
that 

^(ff'-zJ)- 1 ]*^ a«) T = S^ [«'_(«, 0)+cot(eo)fl-(«,0)]oofi+(«,0 

VV(z) 



A ( z ) - A e^e^( z )' ^ = s e -6' ,g R -g' R 
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- S -^^K( z >R)- c ot(6 R )u+(z,R)}a R u_(z,-), (a a R ) T E C 2 (4.18) 
W(z) 

(cf. [14, eq. (3.54)]). Thus, 

B(z)(a a R ) T = S -^M[u'_(z, 0) + cot(9 )u_(z, 0)}a Q (H' - zT) l ' 2 u + (z, ■) 
Wyz) 

W{z) 

(ao a^) T 6 C 2 , (4.19) 

and hence B(z)* e #(£ 2 ((0, ii); da:), C 2 ) is given by 

B(z)*f 

s ^[uL(z,0) + cot(e )u^z 7 0)}((H'-ziy/ 2 u + (z r )J) L2mR ^ dx) 



-2|iM[u' + (z, R) - cot(e R )u + ( Zl R)]((H> - zlf/H-iz, •), /)^(( 0) iJ); d 

/eL 2 ((0,iJ);daf). (4.20) 
Using the following version of the Krein-type resolvent formula (|3.76p 

(H ziy 1 = (H> zl)- 1 [ 7 (tf ' - zl)- 1 } *S- 1 AHf R [ 7 (H> zl)' 1 } , (4.21) 
one obtains 



(H' - zI) l / 2 {H - zI)- l {H' - zl) 1 / 2 



= I-(H'- zl) 1 / 2 [{H 1 - zl)- 1 -{H- zl)- 1 ] (H> - zl) 1 / 2 
= I-B(z)S- 1 Af o ±B(zy, (4.22) 

and thus, 

det L2mRhdx) (JW> - ziy/ 2 (H - zI)-i(H' - zl) 1 / 2 ) 
= det ia((0fil ). (fa )(/ - B{z)S- x Kf^ R B{z)*) 
= det c2 (l 2 - S^A^BizTBiz)) , (4.23) 

using cyclicity for determinants . 

Next we turn to the computation of the 2x2 matrix B(z)*B(z): By equations 
(|4~T9)) and (|4~20l) one infers 

B(z)*B(z) = {C jtk {z)). k=l2 , (4.24) 

Cy( Z ) = S -^^[u'_(z,0)+cot(6 Q )u_(z,0)} 2 
W(z) 2 

x ((#' - zl)^ 2 u + (z, •), (H' - ziy/ 2 u + (z, •))£»(((>,«);*=), (4-25) 

sin(^o) sin(6» fi ) 



Cij(z) 



W(z) 2 
x [u'_{z,0) + cot(6 )u-(z,0)][u' + {z, R) - cot(6 R )u + (z,R)] 
x ((#' - ziyl 2 u + { Zl •), (H 1 - ziy/ 2 u_(z, -)) L 2 mR) , dx) , (4.26) 
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sin(fl ) sin(fl fl ) 

C2Az) = — m^- 

x [u'_ (z, 0) + cot(0 o )w- («, 0)] [u' + (z, R) - cot(d R )u+(z, R)] 

x ((#' - z/) 1 ^^ .), (#' - z/) 1/2 n+(^ •))i»((o 1 ii) i «Jx), (4-27) 

C a , a (*) = S -^j^[u' + (z,R)-cot(e R )u + (z,R)} 2 
W{z) z 

X ((#' - zI^H-iz, •), (#' - ZI)VH-(Z, •))L'«0,R);dx)- (4-28) 

A straightforward, although rather tedious computation then yields the following 
simplification of Cjk(z), j, k = 1,2, and hence of B(z)*B(z): 

S in 2 (0p-0G) 1 ,,„„, 

1,1 W sin 2 (<?(,) <(2,0) + cot(^)' l • yj 

„ f . sin(6> - %) sin(6»fl - 0^) u_{z, 0) 

lM J sin(^)sin(^) u'_{z,R) -cot{d' R ) { ' 



$m(9 -6' )sm($ R -6 R ) u+{z,R) 



(4-31) 



(4.35) 



sin(6Q sin(0y u' + (z, 0) + cot(^) 

- C2,i(z), (4.32) 

sin 2 (0 fl -0^) 1 

° 2 ' 2( j " sin 2 (^) u'_(z,R) -cot(e> R )- {A - SS > 

To arrrive at (|4.29|) ~ (|4.33|) one repeatedly uses the identity 

, s , s sin(y — aO , , „ ,s 

cot a: - cot (y) = , v * . / (4.34) 

sin(y) sm(xj 

the following expressions for the Wronskian W, 

W(z) = v, + (z,R)[u'_(z,R)-cot(6 R )} 
= -U-(z,0)[u' + (z,0) + cot(e' )], 
and 

((H> - zl)^ 2 u+(z, •), (H' - zl) x ' 2 u + {z, -)) L 2 mR) , dx) 

= -[u' + (z,Q)+cot(9' Q )], (4.36) 

((H' - zl)^ 2 u + (z, •), (H' - zI)VH-(z, -))i>((o,fl);«to) 

= -u_(z,0)[u' + (z,0) + cot(6' )] =u+(z,R)[u'_(z,R)-cot(6' R )], (4.37) 
= ((H' - zTf/H-iz, •), (H' - zl^u+iz, ■)) L 2 mRhdx) , 
((H' - zl) l ' 2 u-{z, •), (H' - zlf' 2 u-{z, ■))^ mRhdx) 

= [u'_(z,R)-cot(6 R )}. (4.38) 

Relations f|4.36[l — ()4.38|) are a consequence of one integration by parts in p. lip . 
Finally, we compute A(z)S, starting with (|3.29|) and (J4.17JI : 

A(z)S=(K j>k (z)). tk=12 , (4.39) 

sin(6> - 6' ) sin(0 o ) u'+(z, 0) + cot (So) 



KiAz) 



u' + (z,0) + cot(^) 
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sin(g -e(,)sin(g ) 

- c m(*) + — mK) — ' (4 - 40) 

sin(6> fl - 6>^) sin(6> ) ti_(z, 0) + cot(flo)ii- (z, 0) 
1 ' 2{Z} sm(6' R ) u'_(z,R)-cot(9' R ) 

_ sm(9 - d' ) sm(9 R - 9' R ) U- {z, 0) 

~ sin(^) sin(^) u'_(z,R) - cot(9' R ) 

= C lt2 (z)=C 2 ,i(z) (4.41) 

sin(fl - 9' ) sin(9 R - g^) u+(z, R) 

sm(0' o ) sm(9' R ) u' + {z, 0) + cot(6' ) 

= #2,1(2), (4-42) 

_ sin(fl fl - g^) sm(9 R ) u'_(z, R) - cot(9 R ) 
' Z) sin(^) u'_(z,R) +cot(0' R ) 

- ° 2 - 2{z) + ^y • (443) 

In particular, 

C sin(fl -8o) sin(6> ) q \ 

^ sin^-Qsin^) ■ (4-44) 

sin(e^) / 

An insertion of (|4.44|) into (|4.23j) finally yields 
det L2((0 , fl);(fa) ((#' - ziy'^H - zI)-i(H> - zI)V 2 ) 

= det c2 (/ 2 -^- 1 A££ J B(z)*S(z)), 

/ I" / sin(e -e^)sin(9 ) q 

= dct c2 J 2 - [A(z)^]- 1 A(z)S sin W Bin(flH _ 9 , H)sin(flH) 

sin(e^) 



/ / sin(9 -a^)sin(6lo) 

= det c2 [A(z)5]-M ^1 



= det c2 (A£g 



[M*) 5 ] sm ° S in(e R -e^)sin(en) 

\ U sin(S^) / / 

\ftft(*) W (p Sln(e ° " ^ Sin( ^r ^ Wflo) MOn) 
e °- eaK ') v v ' sin(^) sin(^) 



□ 

Since the Fredholm determinant on the left-hand side of (j4.16[) vanishes for 9q = 
and/or 9 R = 0, we now briefly consider the nullspace of the operators involved:. 

Lemma 4.2. Assume that 9 ,9 R € [0,27r), 6' ,9' r € (0, 2tt)\{tt}, z e C\[e ,oo), 
and suppose that V satisfies (|4.1[) . Let Hq q r and H e > e > be defined as in (|3. 51) . 
T7ien recalling the factorization, 

(H e ^ R ziyl*{H BofiR zI)-\H e , fi , R - ziyl* (4.46) 

= (Jfy >eJj - zlfl\H eo ,e R - zI)-^[(H e ,, e , R -zI)^(H eofiR -zI)-^}* 
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one obtains 

ke r ([(H e ^ R -Jl) 1/2 (Hg (u g R ~Jl)- l ? 2 Y) 

= {/ G L 2 ((0, R);dx) | / = (H e ^ R - zlY^(z, •); 

il>(z, •), rl/(z, •) 6 AC([0, £]); -#'(*, •) + (V(.) - z)^(z, •) = 0; 
t//(z, i?) - cot(6' R )ip(z, R) = Oif6o = 0, fl / 0; (4.47) 

if/(z, 0) + cot(W(z, 0) = i/ O 7^ 0, 0* = 
no boundary conditions on ip(z, ■) i/#o — 0r = 0), 
m particular, 

dim(ker([(^^ -I/) 1 /^^^ _^j)-i/2]*)) 

_|2, O = ^ = O, (4-48) 

[1, 9 = 0,^^0 or O ^O, fl = O. 

Proof. Let z s C\[eo,oo). To determine the precise characterization of the nullspace 
in (|4.47[) one can argue as follows: Suppose first that 9q = 8r = and that 

/±ran((ff e ^ -zT) 1 / 2 ^ -^r 1/2 ), 
g G ran((F e ^ -zlf^H^ -zl)~ 1 / 2 ), 
implying 

.9 = (•ffflj.flj, - zl) 1/2 h for some ft e Fq((0, i2)), (4.50) 

and hence /i(0) = /i(i?) = 0. Thus, introducing ij}(z,-) = (Hgi gi — z/)^ 1 / 2 /, one 
obtains using p. Ill) again, 

= (g,f)L 2 ((0,R);dx) 

= ((Hg> K - zlf'^h, {Hg,,g, R - zlf'^Hg.^ - zl)^ f) ^^j 



da; [ft/(x)V>'(z, a;) + (V(x) — z)h(x)ip(z, x)} 
o 



cot(0' o )h(O)ip(z, 0) - cot(6^)/i(i?)Vj(z, R) 

-R 



i-R 



= h{x)ip'{z, x)\„ + / dxh(x)[i/j"(z, x) + (V(x) — z)tp(z, x)} 
Jo 

i-R 

= / dxh(x)[il)"{z,x) + (V(x)-z)ip(z,x)], h€H^((0,R)). (4.51) 

Jo 

Hence one concludes that 

i>(z,-),i,'(z,-)£AC([0,R]), (4.52) 

and that 

ip"(z, •) + (V(') — z)ip(z, •) = in the sense of distributions. (4.53) 

As g £ ran((iJg' #< — z/) 1 / 2 (_ffo,o — z/) -1 / 2 ) was chosen arbitrarily, one concludes 
that any element / in ker (\{Hgi t g> — z/) 1 / 2 (_ffo,o — z/) -1 / 2 ] ) is of the form 

/ = {Hg, r g, R - zl) 1 / 2 ^, •)• (4.54) 



(4.55) 
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The fact that ip(z, •) satisfies no boundary conditions then shows that the dimension 
of the nullspace in (|4.47j) is precisely two if Oq = Or = 0. 

Next we consider the case 0q = 0, Or ^ (the case 0q 7^ 0, Or ; = being 
completely analogous): Again we assume 

/Ira^^^-z/) 1 / 2 ^,-!/)' 1 / 2 ), 

g E i & n({H g[vglR -zI) 1 / 2 (H n .e R -zI)- 1 ' 2 ), 

implying 

g = {Hg it . e , R - zl) 1/2 h for some h E ^((0, R)) with h(0) = 0. (4.56) 

Introducing once more ip(z, •) = (Hgi g* — zl)~ x / 2 f, one obtains again via (|3.11j) 
that 

= (g,f)L 2 ((0M);dx) 

= ((Hg,^ - -zlfl 2 K (He' oK ~ zI) l/2 {Hg,,g, R zl)^ 2 f) ^^ 

= {{He>,e> R - zl) 1/2 h, {Hg [y9 , R - zI) 1/2 ^(z)) L2mRhdx) 



dx [h'(x)tp'(z, x) + (V(x) - z)h(x)tp(z, x)] 

o 



- cot(9' )h(0)iP(z, 0) - cot(e' R )h(R)tp(z, R) 

pR 

h(x)ip / (z,x)\ + / dx h(x){ip" (z , x) + (V(x) — z)ip(z,x)] 
Jo 



cot(6' R )h(R)i>(z,R) 



h(R)[ip'(z,R)-cot{e R )ip(z,R)} (4.57) 



+ / dxh{x)[i/>"(z,x) + {V(x)-z)ip(z,x)], h e H\(0,R)), h(0) = 0. 



Choosing temporarily h E Hq((0,R)), one obtains 

rR 

dxh(x)[tp"(z,x) + (V(x)- z)i>(z,x)], hEH^((0,R)), (4.58) 

and hence again concludes that 

1>(z,-),1>'(.z,-)€AC([0,R]), (4.59) 

and that 

4>"(z, •) + (V(') — z)tp(z, •) = in the sense of distributions. (4.60) 

Taking into account (|4.60|) in (|4.57j) then yields 

= h(R)[ip'(z,R) - cot{6' R )tp{z,R)], h £ H l ((0,R)), h(0) = 0, (4.61) 

implying 

[ip'(z, R) - cot(0 R )i(>(z, R)} = 0. (4.62) 

As before, this proves (|4.47[) in the case 0q — 0, Or ^ 0. The boundary condition 
(14.621) then yields that the nullspace (|4.47|) is one-dimensional in this case. □ 
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Remark 4.3. We emphasize the interesting fact that relation (|4.16|) represents yet 
another reduction of an infinite-dimensional Fredholm determinant (more precisely, 
a symmetrized perturbation determinant) to a finite-dimensional determinant. This 
is analogous to the following well-known situations: 

(i) The Jost-Pais formula [37] in the context of half-line Schrodinger operators (re- 
lating the perturbation determinant of the corresponding Birman-Schwinger kernel 
with the Jost function and hence a Wronski determinant). 

(ii) Schrodinger operators on the real line [HI] (relating the perturbation determi- 
nant of the corresponding Birman-Schwinger kernel with the transmission coeffi- 
cient and hence again a Wronski determinant). 

(Hi) One-dimensional periodic Schrodinger operators [53] (relating the Floquet dis- 
criminant with an appropriate Fredholm determinant). 

These cases, and much more general situations in connection with semi-separable 
integral kernels (which typically apply to one-dimensional differential and differ- 
ence operators with matrix-valued coefficients) were studied in great deal in [24] 
(see also [3D] and the multi-dimensional discussion in |29j). 

We conclude this section by pointing out that determinants (especially, ^-function 
regularized determinants) for various elliptic boundary value problems on compact 
intervals (including cases with regular singular coefficients) have received consider- 
able attention and we refer, for instance, to Burghelea, Friedlander, and Kappclcr 
[IB"] , Dreyfus and Dym [TpJ , Forman [35] , Kirsten, Loya, and Park [30] , Kirsten and 
McKane [3T], Lesch [35], Lesch and Tolksdorf [35], Lesch and Vertman [SO], and 
Levit and Smilansky [51) in this context. 

5. Trace Formulas and the Spectral Shift Function 

In this section we derive the trace formula for the resolvent difference of Hg g ^g R 
and Hqi qi in terms of the spectral shift function t;(-;Hgi gi ,Hg ^g R ) and establish 

the connection between A e °^*(-) and £ / (-;Hg- o ^ R ,H eo .g R ). 

To prepare the ground for the basic trace formula we now state the following 
fact (which does not require H$ 0t $ R and Hqi qi to be self-adjoint): 

Lemma 5.1. Assume that 9q, Or, 0'q,9' r £ SW; a nd let H$ 0t $ R and Hgi gi be defined 
as in ([53]) . Then, with ^g \g R R {-)Se' a -8 ,8' R -8 R given by (|3.6ip . 

z G p{Hg afiR ). (5.1) 
Proof. Employing the resolvent equation for Hg e , one verifies that 

= le' o ,e' R (H 0o ,e R -zir 1 [j Votl r(H* eO:eR -zI)- 1 ]*. (5.2) 

Together with ([3"UT)l this proves (|5Tj) . D 

Combining Theorems 13.111 and 12.81 with Lemma 15.11 then yields the following 
result: 
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Theorem 5.2. Assume that 9o,9r,9' ,9' r <E [0,27r), and suppose that V satisfies 
(|4.ip . Let Hg a .g R and Hgi gi be defined as in (|3.5|) . Then, 

teL'«o,Ry,dx)((He' ,6' B - ziy 1 - (H 9o .g R - ziy 1 ) 

= -^ln(det c2 (A££(z))), *eC\[e ,oo). (5.3) 

//, in addition, 9' ,9 R G (0, 2tt)\{tt}, then 

^L 2 ((o,B);dx)((H g ^e' R - zl)~ - {Hg ,e R - ziy ) 

= ~ln(det LH(0 , R) . dx) ((Hg /ot g /R - zI)V»(H 0o , 0x -zI)-i{H $i)t0 , H - zl) 1 / 2 )), 

zeC\[e ,oo). (5.4) 



Proof. The second equality in ()5.3|) is obvious. Next, we temporarily suppose that 
9q / 8' and 9 R ^ 9' R . Then the first equality in (|5.3[) follows upon taking the trace 
in p.76|) . using cyclicity of the trace, and applying (|5.1|) (keeping in mind that 
Se'—6 ,6' ~e a is invertible and z-indcpendent). The remaining cases where 9q = 9' Q 
or 9 R = 9' R follow similarly (the case where 6>o = 9' and 9 R = 9' R instantly follows 
from fl3225])). 

Relation flO]) follows from ([237) . gH]), and (JO|)- D 

Next, we note that the rank- two behavior of the difference of the resolvents of 
Hg 0t g R and Hg> g> displayed in Theorem 13.111 permits one to define the spectral 
shift function £( • ; Hg> g> , Hg 0t g R ) associated with the pair [Hgi g> , Hg ^g R ). Using 
the standard normalization in the context of self- adjoint operators bounded from 
below, 

t(-\Hg> oi g' R ,H0 Ot e R ) = O, \<e = mf(o-(Hg O} g R )Uo-(Hg, 0> g R )), (5.5) 

Krein's trace formula (see, e.g., (72J Ch. 8], [73]) reads 

^L'((o,R);dx)((Hg> ,g> H - ziy 1 - (H 8(t ,e R - ziy 1 ) 

f a^H e ,, e , R ,Ho ,o R )d\ (5.6) 

J[e ,oo) \ A z ) 

where £(■ ;Hgi ot g R ,Hg 0t g R ) satisfies 

£(■ ;H , gi g, R ,Hg Ot g R ) e L 1 (K; (A 2 + lJ^dA). (5.7) 

Since the spectra of Hg 0t g R and Hg' g> are purely discrete, £( • :Hg> g> ,Hg ,g R ) is 
a piecewise constant function on R with jumps at the eigenvalues of Hg ^ R and 
Hgi gi , the jumps corresponding to the multiplicity of the eigenvalue in question. 
Moreover, £(• ; iJg' j g / , Hg ^g R ) permits a representation in terms of nontangential 

/ gi gi \ 

boundary values to the real axis of detca I Ag°' g R (-) j (resp., of the symmetrized 

perturbation determinant (|4.14p ). to be described in Theorem 15.31 

Since by (|3.8j) and (|3.9[) it suffices to consider 9q,9r £ [0, x) when considering 
the operator Hg 0t g R , we will restrict the boundary condition parameters accordingly 
next: 
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Theorem 5.3. Assume that 9q,9r £ [0,7r), 9' ,9' R £ (0, 7r), and suppose that V 
satisfies ()4.1|) . Let Hg 0l g R and Hg> Q g> be defined as in ()3.5p . Then, 

e(A; H e , o , e > R ,He ,8 R ) = tt" 1 lhnlm(ln(r7(0o,#fl) det c , (a££(A + fe)))) 

/or a.e. A £ E, 



^ 1-1, #o = 0, ^g(0,tt), o G(O,7r), fl = O. 



where 



Proof. We recall the definition of e = inf (<j{Hg 0t g R ) U a(Hg> t g> )) in ([5.5 
Combining (15.31) and (15.61) one obtains 

d uJ„ta a-\A*.-(KW*(~\W - f ^ H e' o ,e' R ,He o ,0 R )dX 



-ln(r,(0 o ,^)det c2 (A^£(z) 



dz v— - v »o,»*v v; y [e0iOO) (a-z)2 ' (5 . 10 ) 

z e p{H6 0< 6 R )np{He> ,e R )), 

since r](9o 7 9ii) is ^-independent. 

Next, combining p.39j) and (|3.49|) . and using the fact that (j>{z,x) and 9{z,x) 
are both real-valued for z,x £ K, one concludes that A(z,R, 9o,9r), and hence 

Ag°'g"(z)J are real-valued for z £ K and 6q,9r,9' ,9' r £ [0,7r). Moreover, 
using the fact that 

det c2 (A££(z)) ^0, z<e , (5.11) 

and invoking the asymptotic behavior (|3.53|l as 2 1 0, one actually concludes that 



det 



C2 (77(^0,^) A&£(*)) > 0, * < e . (5.12) 



Integrating (J5.10I) with respect to the z-variable along the real axis from zq to 
z, assuming z < zq < eo, one obtains 

ln(rK^o, 0«) det c , (a^z))) - ln(r?^ , *k) det c2 ($$ R (zo\ 
£(A; Hd' ,e' R , H So:Sr ) d\ 



z J[e ,oo) (A - C) 2 

[C+(A;^,e^,^e ,e H ) - ^-(A;^,^,^,^)] dA 



d( 



(A-C) 2 



- / [€+fcHd' o ,0' H ,H$ o ,$ R ) -£-(\;Ho> 0! Q B ,Hg ,g R )]d\ / _ ., 

= / C(A;-Hfl',e' ,Hg ,g R )d\[ -7 ), z < z < e . (5.13) 

J[e ,oo) \A-Z A-Zo/ 

Here we split £ into its positive and negative parts, £± = [|£| ± £]/2, and applied 
the Fubini-Tonelli theorem to interchange the integrations with respect to A and £. 
Moreover, we chose the branch of ln(-) such that ln(x) £ R for x > 0, compatible 
with the normalization of £( • ; Hg/ g/ , Hg 0j g R ) in (|5.5|) . 

An analytic continuation of the first and last line of (|5.13[) with respect to z then 
yields 



In 



(^o,fl«)det ca (Ag;g(ar)))-ln(^o,fe)det ca (Ag;g(2b))) 
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1 



/ £(A;-Hfl'0' ,Hg o R )dX[ - — 



[e ,oo) 

Since by (J5A21) . 



Z X — Zq 



, zeC\[e ,oo). (5.14) 



In 



(j](9 ,e R )det^(Af '^(zo)))€R, z <eo, (5.15) 

the Stieltjes inversion formula separately applied to the absolutely continuous mea- 
sures £±(X;H e , o>e , R ,He 0t e R )dX (cf., e.g., p. 328], US App. B]), then yields flESJ. 
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